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Equilibrium Polymerization in a Solvent:
Solution on the Bethe Lattice
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The lattice model for equilibrium polymerization in a solvent proposed by
Wheeler and Pfeuty is solved exactly on a Bethe lattice (core of a Caylay tree)
with general coordination number ¢. Earlier mean-field results are reobtained in
the limit ¢ — oo, but the phase diagrams show deviations from them for finite ¢.
When ¢ =2, our results turn into the solution of the one-dimensional problem.
Although the model is solved directly, without the use of the correspondence
between the equilibrium polymerization model and the dilute # — 0 model, we
verified that the latter model may also be solved on the Bethe lattice, its
solution being identical to the direct solution in all parameter space. As obser-
ved in earlier studies of the pure n — 0 vector model, the free energy is not
always convex. We obtain the region of negative susceptibility for our solution
and compare this result with mean field and renormalization group (¢-expan-
sion) calculations.

KEY WORDS: Equilibrium polymerization; polymers; # — 0 vector model;
Bethe lattice; Cayley tree phase transitions; critical phenomena; magnetism.

1. INTRODUCTION

The recognition that the problems of equilibrium polymerization‘'®'®) and
equilibrium polymerization in a solvent‘**?® can be mapped into the n — 0
limit of a pure or dilute #-vector model of magnetism, following pioneering
work by De Gennes® and Des Cloizeaux,* has made it possible to study
these problems from the point of view of the modern theory of critical
phenomena, which is well established for magnetic systems. It is par-
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ticularly useful to explore this analogy because the symmetries in the
magnetic systems are usually much more visible than in their polymeric
counterparts. It is remarkable that mean-field calculations for the magnetic
models become identical with the earlier theories of Gee®® and Tobolsky
and Eisenberg'® for pure sulfur and Scott!” for sulfur solutions, probably
the most studied physical realizations of equilibrium polymerization in the
absence and presence of a solvent. The symmetry of the underlying magnet
allowed the lower critical solution temperature in Scott’s theory to be iden-
tified as a tricritical point in the corresponding magnet. In addition, the
analogy between magnetic and polymeric models allowed the application
of techniques of the modern theory of critical phenomena, well established
for magnetic systems, to the study of polymerization. The use of non-
classical critical exponents from the magnetic theory has resulted in
improved descriptions of the anomalies in the heat capacity,'** density,®)
and dielectric constant''®’ of pure sulfur and the fraction of polymerized
material in sulfur’®® and polytetrahydrofuran.'" For a recent review on
the experimental situation in this field we refer to the article by Knobler
and Scott.!?)

In this paper we examine a different kind of systematic improvement
on the mean field approximation to the magnet and to the equivalent
Gee'*'~Tobolsky-Eisenberg'®’ theory. We solve the problems of
equilibrium polymerization and equilibrium polymerization in a solvent on
the Bethe lattice, that is, we study the behavior of the model on sites deep
inside a Cayley tree with general coordination number g. Although it is
possible to study the model on a complete Cayley tree, it is expected that
the results for that case will be qualitatively different from the ones obser-
ved on lattices with translation invariance,’®) due to the nonnegligible
effects of the surface sites, even in the thermodynaic limit, in the Cayley
tree. In the so-called Bethe lattice calculations the model is defined on the
Cayley tree, but only contributions from sites in the core of the tree are
considered. For the nearest neighbor Ising model, the Bethe-Peierls
approximation on a regular Bravais lattice with the same coordination
number is recovered.'*) Our approach is quite similar to the one presented
for the Ising model by Baxter.!'>

Although our solution for the equilibrium polymerization in a solvent
is direct, without the use of the analogy with the corresponding magnetic
model, we show in Section 6 that the solution of the dilute » — 0 vector
model leads to precisely the same results. Recently; it was suggested that
the mapping between the two models in the absence of a solvent should
break down in the low-temperature region'® and that the polymeric
system should display a “collapsed” phase in this region. We have shown
elsewhere!'” that, at least to first order in the & expansion, there is no



Equilibrium Polymerization in a Solvent 3

evidence of such a phenomenon. We see no evidence for such a breakdown
here either. The identity between the direct solution of the polymeric
problem on the Bethe lattice and the solution of the corresponding n— 0
vector model on the same lattice is valid in all field-variable space, as may
be verified by comparing the results of Sections 3 and 6.

There are two limits where our solution may be compared with earlier
results. In the limit of infinite coordination number, we recover the results
of the mean-field approximation to the model,!'®!®2%2%5 ") \whereas when
the coordination number is equal to two, our solution is the exact solution
of the one-dimensional model, which was already thoroughly studied in the
case of equilibrium polymerization in the absence of a solvent."® In
general, Bethe lattice solutions seem to reduce to the man-field solutions in
the limit ¢ — co for models with nearest neighbor interactions only, as may
be verified explicitly for the Ising model,"’” the Blume-Emery-Griffiths
model®” (dilute n=1 model), and the present model. [For models with
interactions beyond first neighbors, like the ANNNI model,?" the
corresponding model on the Cayley tree is not uniquely defined and the
appropriate ¢ — oo limit may be different from the mean-field solution.]
Also, we compare our result with a calculation by Gujrati,®® which
corresponds to the solution of the model in the absence of a solvent on the
g =3 Bethe lattice.

In Section 2 we give a brief definition of the model. A more detailed
description may be found in Refs. 2a and 2b. The direct solution of the
model on the Bethe lattice is presented in Section 3, in terms of a two-
dimensional mapping. Also, we obtain expressions for the relevant densities
and look at the solutions in the various limiting situations. We consider in
some detail the particular case when no solvent is present in Section 4, and
compare our results with the ones obtained by Gujrati®® for g = 3. Phase
diagrams are obtained and presented in Section 5 for the general model,
and the effect of finite coordination number is apparent in the comparison
of these phase diagrams with the man-field results. It should be stressed
that, from the point of view of critical exponents, the Bethe lattice solution
is obviously classical. In Section 6, we solve the dilute n — 0 vector model,
which corresponds to the model for equilibrium polymerization in a
solvent on the Bethe lattice. We find that this solution is identical to the
direct one throughout all of the parameter space, no breakdown of the
analogy between models being observed.

We also examine there the locus on which the susceptibility y of the
n— Q vector model on the Bethe lattice vanishes, and find that its behavior
with the coordination number g is consistent with a recent conjecture con-
cerning the shape of this locus for the n — 0 vector model on translationally
invariant lattices. We also show how the shape of this locus in mean-field
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theory passes continuously to the quite different shape found in the exact
solution of the model in one dimension. A bief discussion of our results is
given in Section 7.

2. DEFINITION OF THE MODEL

We consider a model for equilibrium polymerization in a solvent
defined on a lattice that was proposed by Wheeler and Pfeuty®*?® to dis-
cuss equilibrium polymerization in sulfur and is identical, in the mean-field
approximation, to the earlier theory of Scott.!”

The configuration of the lattice is defined as follows: Each site may be
occupied either by a solvent molecule (v;=0) or by a monomer (v,=1).
The monomers may be in two states, active or inactive, and active
monomers in first-neighbor sites may connect, thus forming chain
polymers. In the particular case of sulfur solutions the monomers are Sy
rings, which may be open (active) or closed (inactive). The interaction
energy between first neighbors will be given by Ey, E,, and F,, for
solvent-solvent, solvent—-monomer, and monomer-monomer pairs, respec-
tively. The statistical weight of a chain polymer with m sites {m — 1 bonds)
is given by

K, if m=1
(2.1)
2K, (K, if m>1
The partition function for this model will be
Y= Z Z z Zexp[_(EooNoo+E01N01 +E\ Ny, )/kT]
i} Np Njp Ni
x [expliy — po)/kTT= (2K, )M (K, ) (1/2) T(Ny, Ny, Niy N; {v;})
(2.2)

The sum 3", is over all site configurations (v,=0 or v,=1 on each site),
and Ny, Ny, and N, are numbers of nearest neighbor solvent-solvent,
solvent-monomer, and monomer-monomer pairs, respectively, for a given
site configuration. I'(N,, N,, Ny, N; {v;}) stands for the number of dis-
tinguishable ways of placing N, polymers containing a total number N, of
bonds, N, of which are one-site polymers, on the N-site lattice for a given
site configuration {v;}. The quantities y; and p, are the chemical potentials
for monomers and solvent molecules, respectively. One may think of
(2K,)"”* as playing the role of an “activity” of a polymer end and K, as
playing the role of a statistical weight or activity for bonds. Both X, and K],
contain a factor accounting for the number of ways to arrange the
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polyatomic “monomer” unit within a cell. The factor (1/2)"" arises because
for single-cell polymers there are configurations that differ only in that the
ends of the monomer are interchanged.

3. DIRECT SOLUTION OF THE MODEL ON THE
BETHE LATTICE

As in Baxter’s""> solution for the Ising model on the Bethe lattice, we
consider a Cayley tree with coordination number ¢ and M generations (see
Fig. 1) built by attaching ¢ rooted subtrees of M generations to a central
site. We then proceed to find recursion relations for the partial partition
functions of subsequent generations. The subtrees will be classified into
three categories, according to the configuration of their root (full dots
stand for solute molecules and empty ones for solvent molecules)

~ .
~

T' b: occupied bond on root

~

?  uy: unoccupied bond on root, solvent on site

N K

‘T’ u,: unoccupied bond on root, monomer on site

Let g, {c) be the partial partition function of an M-generation subtree,
which is the sum (2.2) for all configurations of the subtree compatible with
a given root configuration ¢(b, u, or u,). Figure 2 depicts how an (M + 1)-
generation subtree may be built by attaching ¢ — 1 of the M-generation
subtrees to a new root site and bond. This process leads to the following
recursion relations for the partial partition functions of the subtrees:

Fig. 1. A Cayley tree with g=3 and M =2 generations.
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i

Fig. 2. Construction of a (¢ =3, M =3) subtree from two (¢ =3, M =2) subtrees.

Zr1(b) :wl(zKlK;)l/z[wm gulug) + @y, gM(”l)](h1
+(g— l)wllle;JgM(b)[wOI gulug) + gM(ul)]q‘z
a1 (o) = [og g prlthg) + oy g pr(1)] !

1) =01+ K)o galtig) + @iy garlu)]?!

(3.1)
+(g—1) 0 0,(2K,K,)"2 g,,(b)
x Loy garliug) + w1y garlu;)19 72
+3(g—1)g—2) 0F, 0, K, g3,(b)
x [wor gpluo) + @1y garuy) 177 (3.1)
where
o, =expl(u; — po)/kT] (32)

(l),-‘_/' = exp( _Eij/kT)’ i’ J' = 0’ ]

The factor @, in g, ,(b) and g,,, ,(u,) accounts for the fact that a
monomer rather than a solvent occupies the site. For g,,, ,(u,), the fact
that the site is occupied by a solvent and that (therefore) the bond is empty
means that each of the ¢ — 1 M-generation subtrees above it must be either
occupied by a solvent [contributing wg, g,{(¢,)] or by a monomer that
does not bond to it [contributing wy, g,,(#,)]. For g,,, (b}, the first term
accounts for the various ways in which a chain may start at the (M + 1)th
generation and the second with the number of ways in which it may con-
tinue from above. For g,,, (u;) the first term accounts for the ways of
obtaining an isolated monomer at the (M + 1)th generation, the second
with the ways of terminating a chain at the (M + 1)th generation, and the
third with the ways in which a chain may pass through the (M + 1)th
generation site joining the M-generation subtrees.
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It is convenient to define the quantities

:(K;)uz gmlb) ﬂggg/v/(“o) (33)

R , =
M guluy) M Wo; &mltty)

and the parameters

wg=exp[(2Eq, — Eoy — E VkT] = woow,,/@§, = exp K (34)
CUZECXP{[M — o —q(Eoy — Eoo)]/kT} = (wg/weg)? = exp a

The recursion relations for R,, and S,, may then be obtained from (3.1)
and are given by

Rus1={QK)"PK[Sy+wgl* ' +(q—1) 0gK,Ryy[ Sy +wg]* 2}
x {(1+K)[Sy+wg]?!
+(g—1) 02K )" Ry [ Sy +wg]? 2
+3g—1)(g—2) 0k R[Sy + 0]}
Sy =LSy+17¢7!
x(w;{(1+K)[Sy+wg] !
+(g— 1) 0x(2K))? Ryy[ Sy + 0] 72
+3(g—1)(g—2) 0k R[Sy + 0zl 7))

Examination of the exact solution for M =1 reveals that the appropriate
initial conditions are

1—(1),?

RO:—_O, SO (3.6)

1 — wgo/ g,

The partition function for the model on the M-generation Cayley tree
is obtained by considering the operation of attaching ¢ subtrees to the
same central site. This leads to
Yy = [wop g prltho) + wor &arlu)} ]9+ (1 + Ky ) wo; garltio) + w1y gagluy) 17

+ q,(2K, K’p)l/z @1y Ear(b)[@o; garltig) + @y gps(uy)]?
+ 3q(g— 1) 0, K, 03, g5,(b)[ oy garlutg) + @1y gas(1ty)]7 2 (3.7)

The origin of each term in the partition function is shown graphically in
Fig. 3 for a Cayley tree with ¢ =6.
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q
* + * + >§< +ove 3 [woogm(uo) + (UOJQM(UH]

Active or
ingctive

/ q
>§< >{< * >§< teee D wi(1+Kl)[wOI9M(UO) +wn9M(U|)]
AR g
_ + + +ees D aWy (KK Wy (0) [ Worgy (o) + Wygy (o)
ala-1) 92
teee D _‘UlewngM( ){wOIgM(Uo)+w1I9M(U|)

Fig. 3. Conﬁguratlons of the vicinity of the central site that contribute to the partition
function. (@) Solute molecules, (O) solvent molecules; heavy lines are occupied by bonds.

Now the thermodynamic properties of the model on the complete
Cayley tree may be obtained from the partition function (3.7) after perfor-
ming the thermodynamic limit M — oo. As was stressed in the introduction,
however, the properties of the model on the Cayley tree are expected to be
qualitatively different from those on lattices with translation invariance. So,
following the usual procedure,"* > we will concentrate our attention on
the behavior of the model deep inside the tree, where all sites have the
same coordination number g. The quantities R,, and §,, will approach a
fixed point R and S in the limit M — oo, and we will be interested in the
thermodynamic properties of the model in this limit. Looking at the con-
tributions to the partition function of the central configurations of the tree
in Fig. 3, we may write down the average number of monomers, polymers,
and bonds per site x,,, x,, and x,, respectively, in the central region. For
the central site of the M-generation Cayley tree we get

Xpomt = <Z Vf>/N= 1 —[woo & altto) + @01 gar(u) 17 Y 3

Xp = (NN =0 {K\[wo; g pltto) + @11 g ps(111)]7

+ 392K, K, ) 01y g1 (b)[ 0180 (tto) + @11 g ae(ur) 177} Vit
Xpn= (N DIN=0,{39(2K, K})" @1, g 4(b)

x [wo; & arlto) + @11 garu) 11 +3g(g— Vi, K, g3,(b)

x [wor g pa(ue) + @1y gar() 1972} Vi (3.8)
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In the calculation for x,, we count one polymer if an unbonded active
monomer is on the central site and only one-half polymer if a chain con-
sisting of more than one monomer ends there. This ensures that if a similar
average is performed at each site and these are summed, each polymer is
counted exactly once. In terms of the variables R and S, in the ther-
modynamic limit these expressions may be rewritten

v g ST
" D
o 0 K[S+or] + 3(2K)" 0 RIS +0r]? 1) (3.9)
P D :
. :wz{%q(2K1)“2wr<R[S+wk]""+%61(61—1)w%R2[S+wk]"‘2}
X, D
where

D=[S+11"4+w;{(1 +K)[S+wz]*+qQ2K,)"* 0z R[S+ wz]?"'
+39(g—1) 0k R’[S+ wz]*?}

and where R and S are fixed-point values of the recursion relation (3.5)
(Ryy,1=Ry=R and S, ,=5,,=35). The fraction of core sites incor-
porated into polymers will be

.=x,+x, (3.10)
It is straightforward to show that the same averages are obtained for
nearest neighbor sites to the central site in the thermodynamic limit and, as
happens in the case of the Ising model,*®’ we believe that these results are
valid for sites within any finite range of the central site if the ther-
modynamic limit is taken first.

We have, therefore, reduced the solution of the model on the Bethe
lattice to a two-dimensional mapping problem. For given values of the
parameters K, K, wg, and wj, the variables R,, and S,, will attain a
fixed point (R, S) in the thermodynamic limit M — oo and the relevant
properties will be given by the values of expressions (3.9) at the fixed point.
In Sections 4 and 5 phase diagrams are obtained using this procedure, but
first it is instructive to look at some limits of our Bethe-lattice solution.

3.1. Pure Monomer Limit

The absence of any solvent may be accomplished by taking the limit
w,; — %0, or w; — o0. The recursion relations (3.5) then reduce to
R _ (2K)"? K, + (g—1) K, Ry,
YT+ KD+ (g - 1K) PRy + g — 1)(g - 2) R,

Sre1=0 (3.11)
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The thermodynamic properties in (3.9) will be given by
=1

_ K, +3q(2K,)"? R

P14+ K +qQ2K,)"*R+1g9(g—1)R?
. MRK)PR+ (- R
P+ K +9(2K,) PR+ 1g(g— 1) R

(3.12)

X

The behavior of the model in this limit is considered in Section 4.

3.2. Lattice Gas Limit

The occurrence of polymerization may be suppressed by letting K, and
K, vanish. The recursion relations (3.5) turn into

[Sy+1]7"
R =0 S = .1
M+ 1 ’ M+1 (UZ[SM%'(UR]‘{‘I (3 3)
and we get
) [S+119
X,=1—
x,=x,=0

As expected, the Bethe lattice results for an Ising lattice gas are recovered
in this limit.!'*

3.3. One-Dimensional Limit

When ¢=2, the Bethe lattice solution corresponds to the exact
solution of the one-dimensional model,""® Some results for this limit may
be found in Appendix A.

3.4. Mean-Field Limit (g — )

By properly taking the limit of an infinite coordination number, we
recover the already known mean-field results for the equilibrium
polymerization in a solvent.****® It is helpful to define the quantities

Ou=4qR,, K,=gK,, R=qK (3.15)
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Now, the recursion relations (3.5) may be fewritten in terms of these

parameters. In the limit ¢ — co, with X, and K constant, they become
(2K)'"K, + K,0,(1/[Sy +1])

I+ K+ (2K, Q0 (1/[Sh +11) + 303,/ [Sn + 1717

s - exp[ —#/(1 +S4)]
M T o {1+ K+ K )2 Qu/[Sp +114+20%,/[S + 177}

QM+1 =
{3.16)

In the thermodynamic limit, a fixed point (Q, S) will be reached, given by
o Ke[2K)'7+0/(1+5)]
1+3[Q2K)"?+0/(1 +8)]1?
S 1
wzexp[&/(1+8)1{1+3[(2K))"* + /(1 +5)1%}

(3.17)

The densities (3.9) in the ¢ — oo limit will be

v =1 exp[ —&/(1+5)]
” exp[ —&/(1+ S)]+wz{1+K,+(2K)"* Q/(1+8)+30%/[1+5]°}
. - wz{K, +32K,)"? Q/(1+8)}
P expl —R/(1+ 8) ]+ 0z{1+ K, +12K,)"? 0/(1+ )+ [ 0/(1 + 5)1°}
- w;{32K)"? /(1 + 8)+i[0/(1 + S)1*}
" exp[—&/(1+8) T+ wz{1+ K, + 12K )" Q/(1 +8)+i[Q/(1 + 5)T*}
(3.18)

Now we notice that
x,=1/(1+S5) (3.19)
so that S may be eliminated, resulting in
K,[(2K\)'" + 0x,,]
1+4[(2K))"* 4+ 0x,,]°
(1 —x,) ' =1+wzlexp(Rx,)]{1 + [ (2K)"*+ Q0x,1*} (3.20)

w;zlexp(Rx,)] 5[(2K,)"* + 0¢,]°
L+ ozlexp(x, ) 1{1 +3[(2K)'* + 04,17}
To compare these results with the ones obtained by Wheeler and

Pfeuty, ") it is necessary to rewrite them using dilute # — 0 vector model
parameters, where now ¢ is the (finite) coordination number of the trans-

Q=

X, +Xp =
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lationally invariant lattice on which the mean field approximation is being
made:

R=qK, K,=qJ, K, =h¥2 (3.21)
x, + x, = Im(qgJm + h), Xy = X, (3.21)

P
and, eliminating Q in the expression (3.20), we have

(1—x,) 7" =1+ wzlexp(gKx,)1[1 + 3(h+ ¢Tm)*]

_ walexplgKx,)1(h + gJm)
M T ¥ wslexp(gKx ) 101+ Sk + qIm)™]

(3.22)

These are the mean-field results for the dilute » — 0 vector model obtained
by Wheeler and Pfeuty [expressions (5.14) and (5.15) of Ref. 2b].

4. THE LIMITING CASE OF EQUILIBRIUM POLYMERIZATION
IN THE ABSENCE OF A SOLVENT

In this section we will discuss the particular case where no solvent is
present, which was already considered by Gujrati‘*® when g = 3. As we saw
in Section 3, in the limit wz— oo the solution of the model reduces to a
one-dimensional mapping (3.11). In the case of liquid sulfur, the
appropriate value for the statistical weight K, is very small(®!®
(K, ~107"?). Thus, we will concentrate our attention on the results with
K, — 0. In this limit, the fixed points of Eq. (3.11) will be the solution of

Hg—1Dg-2)R+[1-(¢—1K,]JR=0 (4.1)

which are
_ 2[(q—1>1<;,—1]}“2 s
Reo T (42

corresponding, respectively, to the unpolymerized and polymerized phases.
The critical temperature will be given by

K,.=1/(¢—1) (4.3)

The fraction of monomers incorporated into polymers is given by

(g—DK,—1

_ 7 4.4
G=DK,~ 2 (44

¢“=xp+xb=
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We may introduce a reduced temperature t through

;1 1
K== [3.70 <1 —;ﬂ (4.5)

S. (2a,2b)

a parametrization appropriate for liquid sulfur and sulfur solution
Expression (4.4) may then be rewritten as

_exp[3.70(1 ~ 1/1)] — 1
¢”_eXp[3.70(1 —1/1)]1—2/q (4.6)

In Fig. 4 we present some curves of ¢, versus 1. The behavior of ¢,
becomes steeper as the critical temperature is approached for decreasing g.
This is in accord with the expectation that with increased range of
correlations the curve will approximate that of translationally invariant lat-
tices where the limiting slope is infinite and is described by the nonclassical
exponent o of the n — 0 vector model."*'® Of course, asymptotically, ¢, is

U7 r 7T

q9:2

10

Fig. 4. Curves ¢, versus 7 for pure monomer. Results for the mean-field limit (g — o), g =6,
q=23, and g=2 are shown.
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always linear in 7 for t — 17, since the Bethe-lattice calculation produces
classical critical exponents. At g =2, the step-function behavior from ¢, =10
to ¢, =1 of the 1D model"* is recovered.

For ¢g=3, our results may be compared to the ones obtained by
Gujrati.””? We verified that they agree, if the proper correspondence is
made between the formulations of the equilibrium polymerization problem
by Wheeler and Pfeuty'® and by Gujrati.®® In Gujrati’s formulation, only
polymers with at least one bond are considered. The relations between
Gujrati’s'®®) variables « and #n and the ones in our formulation are

K, 2K, \2
- - 47
“1yk, <1 n K1> (4.7)

and the variable x used by Gujrati in the recursion relation is related to
our R as follows:

x=R/(K,)"? (4.8)

The relations between the densities in our formulation (x,, x,) and those
from Gujrati’s (¢,, ¢,) are

K,
1+ K,

Xp=0n  X,=¢,+ (1—=¢,—9,) (4.9)

The second term in (4.9) has a clear physical meaning, corresponding to
the density of one-site (zero-bond) polymers. {A misprint in the inter-
mediate expression for ¢, [expression (10) of Ref 227 should be pointed
out. In the numerator 2Zy(1) Z3(0)w, should be replaced by
2Z,(1) Z (1) Z,(0)w,. }

5. PHASE DIAGRAMS

It is convenient to classify the fixed points (for K, — 0) of the recur-
sion relations (3.5) into two categories:

5.1. Unpolymerized Fixed Points (R =0)

We notice that (R=0, S) is always a fixed point of Egs. (3.5), S being
given by

S=[S+11 Yoz[S+wg]? ! (5.1)

This corresponds to the Ising lattice gas problem on the Bethe lattice.



Equilibrium Polymerization in a Solvent 15

5.2. Polymerized Fixed Points (R #0)
In this case Eq. (3.5) will have a fixed point given by

g—1
S [S+1] - (5.2)
oig—1) wgK,[S+wg]?
and
R2:2K;,[S+w,?]“ 2[S+wg]? (53)

(g—2)wx  (¢—Dlg—2wi

For the pure sulfur case, S§=0, and therefore the critical
polymerization condition on the Bethe lattice is given by Eq. (4.3). Also,
the upper critical solution point, where two coexisting unpolymerized
phases become identical, is fixed by the conditions

(003/08)0p =0, (Pw3/25%), =0 (5:4)

the variable wz being given as a function of § by (5.1). Actually, the den-
sity conjugate to the field A is x,,, but since x,, is a monotonically decreas-
ing function of S, we may use the conditions (5.4) for locating the upper
critical solution point. The result is

wr=wz, =[g/(g—2)T (5.5)
If we introduce the parameter a by the ratio
oa=THT, (5.6)

between the critical polymerization temperature T of pure sulfur and the
upper critical temperature 7, we can establish a parametrization con-
venient for sulfur solutions, similar to the one used by Wheeler and
Pfeuty,*?) given by Eq. (4.5) and

W =exXp [a_iln <q32>} (5.7)

With this parametrization, the critical polymerization temperature for pure
sulfur will occur at t=1, whereas the upper critical temperature
corresponds to 7= 1/a.

The results for the phase diagrams that will be presented were all
obtained for ¢ =1. One of the ways to obtain the phase diagrams is to
study isotherms in the x,, 4 plane. It is more convenient to use the
“activity fraction”

= o exp(py/kT) wor/wop)?
l+wz;  exp(uo/kT) +exp(u/kTHwo/weo)?

(5.8)

822/46/1-2-2
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in place of 4. In Fig. 5, three of these isotherms are shown, for tem-
peratures t=0.8, 1.05, and 1.2. At t=0.8, a first-order transition between
two unpolymerized phases is apparent. The value of { at the transition may
be obtained using the equal-area rule, by performing the integrations
| 4 dx,,, or, more easily, taking advantage of the isomorphism of the model
with the Ising model, where the transition is known to happen when the
magnetic field vanishes. This leads to the following expression for the first-

order boundary: 5
wz=[wg] ™" (5.9)

the critical point being located at, from (5.5) and (5.7),

1 1

e T U

(5.10)

Also, it is easy to obtain the expressions for the spinodal lines associated to
this transition. Using the condition

(60 5/0S) 0y =0
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we gei
(q—2)org—q+{l(g—2)wr—q]’ —dwg}'”

S, = :

(5.11)

and the corresponding values of w; and { may be calculated using (5.1)
and (5.8). We will show later that the spinodal lines correspond to the
stability limit of the fixed points associated with the two coexisting phases.

At 1=1.05, the isotherm has two branches. For high values of { the
branch corresponding to the polymerized fixed point is stable, whereas at
the low { the unpolymerized fixed point will be attained. Both branches
meet at a point described by

S=awgl(g—1)K,—1] (5.12)

where the second-order polymerization transition occurs. This point is
shown amplified in the insert to Fig. 5b.

At higher temperatures (t=12, Fig 5c), it is apparent that the
polymerization transition has changed to first order, the spinodal line given
by the condition

Wg
wrlg—2)—(¢—1)

The curves given by expressions (5.12) and (5.13) will be shown below to
correspond to the stability limits of the unpolymerized and polymerized
phases, respectively.

Again an equal-area calculation is performed to locate the first-order
transition. In the mean-field limit, we show in Appendix B that the
integration can be done analytically so that the expression for the free
energy is obtained from the fixed-point equations (3.17). For the Bethe-lat-
tice solution, we performed the integrations numerically.

It is interesting that no difficulty arises in the equal-area construction
even though the isotherm consists of two intersecting branches with dif-
ferent functional form (see Fig.5¢). In the case of fluid-solid phase
equilibrium there is often a problem of correctly assigning the difference in
the zero of the free energy of the two phases. That problem does not arise
here because, as in the case of equilibrium between fluid phases, it is
possible to analytically continue from one phase to the other around the
(tri) critical point, avoiding the first-order phase transition altogether. In
the present case this involves continuing through the polymerization trans-
ition, across which Xx,,,, A, and the free energy are all continuous.

It should be stressed that the validity of the equal-area construction
depends upon the existence of an underlying thermodynamic potential

S=

(5.13)
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from which the various densities can be obtained. This is, of course, cer-
tainly true if the densities corresponding to the exact results for the full
Cayley tree are considered, but is by no means so simple to guarantee for
the averages calculated on interior sites. For the unpolymerized branch of
the solution of the equilibrium polymerization problem on the Bethe lat-
tice, the existence of an underlying potential is assured, since the model is
isomorphic to the Ising model in this case, whose free energy on the Bethe
lattice was obtained by Thompson."'”) We did not verify this analytically
for the polymerized branch for 2 < ¢ < oo, due to the algebraic complexity
of the calculation involved. Nevertheless, we are confident that there exists
an underlying poential for this case as well, since we verified numerically,
at a significant number of points in the field space, that the densities obey
the required Maxwell relations for K, =0:

0x,/04 = dx,,/0(In K,)
0x,/0K = de,/0(In K) (5.14)
dx,,/0K = de /04
where the density e, is defined by
{/
e,=N<§> v,-vj> (5.15)
The tricritical point, where the polymerization transition changes from

second to first order, may be defined as the point where the curves given by
Eqgs. (5.12) and (5.13) meet. Thus, the tricritical condition is

1
— 1K = 1 5.1
=Dk org—D—(g—1) " (310

In Fig. 6, the { versus t phase diagrams are displayed for ¢ =3, 6, and
500. The results for ¢ = 500 are indistinguishable from the man-field results
in the scale of the diagrams. The corresponding x,, versus t phase diagrams
may be seen in Fig. 7.

Although our Bethe-lattice results are classical with regard to the
critical region, comparison of the phase diagrams for finite ¢ >2 with the
one for ¢ — oo shows that the differences are in accord with expectations.
In particular, the broadening of the coexistence curve with t larger than the
tricritical value should be noted, since it is a prediction of the scaling
hypothesis with logarithmic corrections in the vicinity of the tricritical
point.®*) Of course, the unpolymerized branch of the coexistence curve still
meets the critical line tangentially at the tricritical point, and both branches
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Fig. 6. Phase diagrams in the {, t space for (a) g=3, (b) =6, and (c) ¢ = 500.

of the coexistence curve meet, forming an angle smaller than =, as is expec-
ted for any mean-field-like theory. Nevertheless, the angle between the two
branches of the coexistence curve increases with decreasing values of g.
This is also in closer accord with the phase diagrams for sulfur with
toluene, o-xylene, and triphenylmethane, and cis-decalin,"***’ which show
a rounded coexistence curve at high temperatures. Incidentally, the same
effect is observed in a Flory-Huggins theory that allows for polymeric
rings,*® thus providing an alternative explanation for the experimentally
observed phase diagrams.

Finally, it is worthwhile to perform a linear stability analysis of the
recursion relations in the vicinity of the fixed points. Let us define the
deviations from the fixed point,

AR, =R, — R, ASy=Sy—S (5.17)
and the linearized recursion relations are

ARM+1:f11ARM+f12 48,4y, ARM+1:f21ARM+f22ASM (5-18)
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Fig. 7. Phase diagrams in the x,,, t space for (a) ¢ =3, (b) ¢ =6, and (¢} ¢ = 500. Here (c)
corresponds, in the scale of the figure, to the mean-field results depicted in Fig. 3a of Ref. 2b.

with
OR IR
fn—_"ﬁil s f12:‘a_§[‘+_1
$ .S
M RS M iR (5.19)
0S| Sy
for= s Joo=
OR ‘R.S oSy R.S

The derivatives may be evaluated from the recursion relations (3.5).
For K, =0, we get the following result for the unpolymerized fixed points
(5.1):

fu=(g—1) wgK,/(S+ wk)
Si2=/2=0 (5.20)
Sfo=Ug—1S/(S+ 1) (@wg—-1)/(S+wg)
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At the polymerized fixed points (5.2)-{5.3), the derivatives are given by

 AS+wr)
=D arK,
PR [1 AS+wp) ]
.12—S = - 1 K
_ §—2)Wg
Ju= RSKp(S+a),~<)
Cg=DS S [lg-Dg-3) ok,
fn=—g cokK;,(q—l)[ Stwx +2}

The stability limit of a fixed point is reached when the largest eigenvalue of
the matrix f becomes equal to unity. For the unpolymerized fixed points,
the matrix f is diagonal and the eigenvalues are 4, = f;, and 4, = f5,. There
are two possible stability limit conditions: ;=1 and i,=1. Now it is
possibie to verify that A, <1 when 2,=1 and that 2, <1 when 4,=1
Thus, A,=1 gives us the spinodal lines (5.11), whereas 1,=1 is the con-
dition (5.12), corresponding to the second-order boundary at temperatures
between T and the tricritical temperature and to the stability limit of the
unpolymerized phase above the tricritical temperature.

The largest eigenvalue of the matrix of the linearized recursion
relations for the polymerized phase (5.21) is equal to unity if the following
condition is fulfilled.

S+og (=S (g=2)s _
&;:Tﬁzﬁi_lﬂ_5+l T (5.22)

At temperatures between 7 and the tricritical temperatures, condition
(5.12) describes the stability limit of the polymerized fixed points, whereas
at temperatures above the ftricritical temperature the vanishing of the
second factor in (5.22) occurs first and the stability limit will be given by
Eg. (5.13).

6. SOLUTION OF THE DILUTE n—-> 0 VECTOR MODEL
ON THE CAYLEY TREE

A correspondence exists'” between the model for equilibrium
polymerization in a solvent and the dilute n-vector model in the limit
n— 0, with the Hamiltonian

H=—KY vv,—d4Yyvi—J Y vv8,S,—meHY v;S"  (6.1)

<> <> i
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where the sum Y ,;,is over nearest neighbor pairs, the v, are Ising lattice
gas variables (v,=0,1), and S is a classical spin of n components with
norm \/Z and whose first component points in the direction of the
magnetic field H. In the formal limit #» — 0, the partition function of this
model can be written as®*)

Z=1Y exp (f( Sovv+A4Y v,-) SN S DR LM
{vi} <y i Np Np Ny

xI'(N,, Ny, N\, N, {v;}) (6.2)

where
f:J/kT, K=K/kT, thA/kT, h:mOH/kT {(6.3)

T being the temperature of the n — 0 vector model. Comparison of (6.2)
and {2.2) shows that the equivalence between the models may be
established as

Y=exp(— gNEy/kT) Z(K, T, h, 1) (6.4)

J=K, W=k,
4= Lis — po — g{Eo; — Eo) /KT, K= (2Eo — Eoo— E )/kT  {6.5)
Now we will show how it is possible to solve the dilute n — 0 vector
model (6.1) on the Bethe lattice, recovering the results of the direct
calculations. Thus, we define the following partial partition functions for an
M-generation subtree with site i at the root, where the trace is over the
values of all spins in the subtree, with the exception of the spin S, located at
the root
gul1,8;)= Tr exp(—H/kT)
S#S;
vi=1 (66)
g(0)= Tr exp(—H/kT)

(vi=0)

the Hamiltonian being given by (6.1). We may then obtain recursion
relations for the g’s by constructing an (M + 1)-generation subtree from
g — 1 of the M-generation subtrees,

Eu+1(1,8) = E,r{exp[1~<+ A+JS-S" +hS" V[ ga(1,8)77 1}

+ [ga(0)197" (6.7)
gar+1(0) =Ts,r{€xp[3+ hS" V1L gul1, 8177} + [gm(0)]"
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where K, J, 4, and defined in (6.3). Next, we make the following ansatz for
the functional form of the g,,, which can be shown to be right by induction
later:

gull,8)=ay+by,S",  g,(0)=c, (6.8)

It is then possible to calculate the traces in (6.7) explicitly, in the n— 0
limit, by expanding the function involving §’, and remembering that in the
limit n — 0 we should define the trace operation to be the angular average
over the spins and that,'>'"® when 5 — 0,

<(S§1))k>425k,0+5k,2 (6.9)

the &’s being Kronecker functions. Thus, in the #»—0 limit the trace
operation is simplified considerably, and from (6.2) and (6.3) it follows that

A1 =wroz[(1+30%) af, '+ (g — 1) hbyad !
+ 3g—1)g—2) a4, by +c4 !
by =wrwz[Jhaty '+ (g—1) Ja4; %b ] (6.10)
Cusr=0iL(1+ %) a4 +(g—1) hbyay,?
+3lg—1)(g—2) a4 b3, 1+ 4!

where w3 and w are exp 4 and exp K, respectively.
The partition function may be obtained by attaching ¢ M-generation
subtrees together at a central site. The result is

Z = w3lat,(1+ %) + ghaty by + g — 1) aty 2031+ ¢4, (6.11)

The central site magnetization, energy per spin pair, and occupancy expec-
tation number are found to be

My =wz(ha%, + qad; 'by) 2 (6.12)
éy=w3T [hbyat,  + (g —1)b%,a47 2125 (6.13)

and
Pons =05 (L+3h%)ay, + qhat, 'by +39(q— 1) a4, 63,1 Z,;' (6.14)

The comparison with the results of the direct calculation is straightforward
if we define

(6.15)

(6.16)



Equilibrium Polymerization in a Solvent 25

From the recursion relations (6.10) for the &’s, b’s, and ¢’s the results (3.5)
from the direct solution follow, using the transcriptions (6.5). Also,
(6.12)-(6.14) may be written in terms of the R,, and §,,, giving

Py
mM:wg[h-{-qRMg——IK—C;::'
M K

h? 1057
il 1+=+ghR, ———
x{wA[ +2+q1 MSM+@7<

glg—1) < o) 2] [SM+1 T}'I
R? _— 6.17
Ty NS e TS, T or (617)
2
. Wg W
=w; Ok L g—1)R, [ TR
Crr =Wy [hRMSM+a)k+(q ) rY <SM+CUE> :I

-~ h? g
s 14+ —+ghR
x(]{wd[ +2+qz MSMcu,?

g—1 g 2 Sy+1 J"})“l
4 6.18
T 2 M <SM+°0/Z‘> ]_FI:SM"'(UE ( )

2

h wg q(g—1) ( wg >2]
=5 1 — Iz2
Gt “’4[ Pyt Rty Rl s s

h? Wi
il V+—=—+ghRy———
X{wd[ +2+q [WSM"*"CU]‘(

glg—1) ( g )2 (SM+1 )"}“
R? el 19
T T NS o) TS, v en (6.19)

These results are equivalent to (3.9) if we consider the transcriptions (6.5)
and also the result**2®)

¢, = 3Jqé + thm (6.20)

We conclude that both solutions of the equilibrium polymerization
model on the Bethe lattice, the direct one and the one using the correspon-
dence with the n— 0 vector model, are identical in the whole 7, 4, K, 4
parameter space. Thus, we do not observe in our solution any breakdown
of the correspondence between the models, signaling the appearance of the
“collapsed” phase recently suggested by Gujrati,'*** and there seems to be
no reason to identify the polymerized phase obtained here with the “new”
phase proposed in Ref. 16 as is suggested in Ref. 22.

It is interesting to notice that the following relation exists between our
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results for the magnetization (6.17) in the thermodynamic limit and the
density of polymers x, in (3.9),

m=2x,/(2K)'"? (6.21)

A similar relation noted by Gujrati‘*® in his solution of the equilibrium
polymerization model on a Bethe lattice with g =3 led him to propose a
suitable definition for the order parameter of the equilibrium
polymerization problem. Here we recover this result in a more general
situation of arbitrary ¢ and in the presence of a solvent, suggesting that the
order parameter could be defined as the probability of having a polymer
end at a particular site (i.e., 2x,) in the core of the tree (not necessarily the
central site), divided by a statistical weight of a polymer end. [In
Gujrati’s®? Egs. (8) and (9) for this probability, ¥ must be replaced by «'/*
to get the correct result. ]

In the limit of a pure n — 0 vector model (w3 — o), the recursion
relations will be given by (3.11) and the densities (6.17)-(6.19) are, in the
thermodynamic limit, equal to

h+qR .

= 22
" 1+ 4h* 4+ ghR + (g — 1) R? (6.22)
. hR+ (g—1)R?

= 6.23
T Tt ghR+ (g 1) R (6:23)

and
.= 1 (6.24)

It is known!'*!®) that, viewed as a magnetic model, the n — 0 vector
model exhibits regions of “thermodynarmic instability,” where the magnetic
susceptibility becomes negative. In the mean-field approximation the region
of positive susceptibility is a wedge-shaped region in the 7, h plane contain-
ing the critical point and part of the coexistence curve. Recently we have
shown!'”) that nonclassical scaling equations of state obtained from the
renormalization group via the ¢ expansion have a region of negative y
extending along the coexistence curve all the way to the critical point, and
have suggested how this region may join with that of the mean-field
approximation at high field. In one dimension"'®’ the region of negative y is
of still quite different shape, consisting of narrow wedges along the A axis
through the critical point. Tt is therefore of some interest to obtain this
region of negative y for the Bethe-lattice solution, since this allows one to
examine how the mean-field solution changes when correlations are
introduced and see how the change to the one-dimensional behavior takes
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place in the limit g=2. It should be emphasized, however, that the
“Instability” of the nonphysical magnet does not imply any corresponding
instability of the corresponding polymer solution. All of the ther-
modynamic stability criteria are satisfied there, as discussed in Ref. 17.

For the sake of simplicity we will restrict ourselves to the n — 0 vector
model without dilution. The magnetization of this model is given in (6.22),
whereas the fixed-point value R of the recursion relation (3.11) satisfies the
equation

g~ 1)g—2)RP+(q— V) hR*+ [1+ k2= J(g— 1)]R—Th=0 (6.25)

The magnetic susceptibility is given by

om om om oR
F(%)f(ﬁ);ﬁ%aﬁlﬁ(%); (6.26)

and the derivatives can be readily calculated using (6.22) and (6.25),
yielding y as a function of ¢, J, A, and R.

It is convenient to introduce the following reduced temperature for the
magnetic model:

t=1-T/T=1-J/J.=1—(q—1)] (6.27)

Then the explicit expressions for the susceptibility on the & =0 axis become

~ oy 477
>0 X(Tsh*o)_(q_l)f
. 1 glg+1)

. (2 h=0)= _ | 6.28
< iy ) [1—qi/(qg—2)] [ +(q—1)(q—2)T (628
_MJ
2t(g - 1)(g—2)’

The susceptibility on the 4 =0 axis is therefore always positive for 7> 0,
but it will be negative in some regions of the 7 < 0 semiaxis. The points on
the /=0, T <0 semiaxis where the susceptibility vanishes are the negative
values of the expression

(6g—4)g—2)
4q(qg+1)(g—2)—24°

49(q —2)[2q(q+ 1)~ ¢*/(g—2)1""
TN PRCURE e TTRIRYA IR 1] L R

Tg=
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Fig. 8. Zero-susceptibility curves in the ¥ =1 — T /T, h space for the Bethe lattice solution for
n — 0 vector model without dilution. The curves shown are (a) ¢ » cc (mean field), (b) g =6,
and (c) ¢ =3. The hatched region comprises points of positive susceptibility for the model
with ¢=3.

For g<1 +%\/%=3.2360... there are two negative values for 7,, and ¥
changes sign twice, being positive at very low temperatures. In Fig 8 the
=0 curves are depicted for ¢ > o0, g=6, and ¢=3. In the mean-field
limit ¢ — oo they are straight lines A= 427"} +1); for g=6 and ¢=3
the curves are slightly curved. That the value of t at which x(# =0) changes
sign becomes less negative as correlations are included is consistent with a
recent conjecture’!”’ concerning the shape of the y =0 curves for the n —» 0
vector model when both fluctuations and corrections to scaling are taken
into account. The y > 0 region for ¢ =3 is hatched in the figure. It should
be noted that for g =3 there is another region of positive susceptibility for
T < —4.44152... which is outside the range of values for 7 in Fig. &.

In Fig.9 (curve a), we present the zero-susceptibility curves for the
one-dimensional n — 0 vector model without dilution. The susceptibility in
this case may be calculated similarly to the calculation above, by setting
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Fig. 9. (a) Zero-susceptibility curves in the T, / space for the one-dimensional (g=2) b—0
vector model without dilution. In the hatched region the susceptibility is positive. (b) The cur-
ves of zero susceptibility for the model with ¢ =2.2.

q =2 in expressions (6.22) for the magnetization and in the equation (6.25)
for the fixed-point values of R. The general expressions for the suscep-
tibility of the one-dimensional model are too lengthly to be included here,
but for #=0 they reduce to

l
=
\:“I
=
I
o]
=
I
o~
[\
[
A
—
T~
(1)

(6.30)

[The expressions for the susceptibility on the # =0, T <0 semiaxis in Egs.
(3.20) and (3.43) of Ref. 14 contain an error: the numerator 27 should be
replaced by 2.] Expressions (6.30) show that the susceptibility for g=2 is
always nonnegative on the 4 = 0 axis; the regions of negative susceptibility
are located at nonzero magnetic field. As an illustration, we show in Fig. 9
the curves of zero susceptibility for a model with g = 2.2, showing the two
regions of positive susceptibility quite close to each other.

It should be stressed that, to study the one-dimensional model, one
must take g =2 before setting £ =0, since different results may be obtained
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if the limit ¢ — 2 is taken in the final expression for the thermodynamic
quantities for general ¢. In particular we note that
lim lim y(gf, b q)= —1/T (6.31)

g—2 h—>0%

when 7 <0, which is different from the one-dimensional result (6.30). The
limits ¢ — 2 and 4 — 0 are not interchangeable for ¥ < 0. The delicacy of
this limit is apparent already in Eq. (6.25) for R. For ¢> 2 the limit 4 -0
implies R — 0 for 70, which in turn implies that » in Eq. (6.22) tends to
0. For 1 <0, Eq. (6.25) admits the solution R= +[ —21/(g — 1)(g—2)]"?
as h — 0 for ¢ > 2, which leads to m~ (—21)"* for t<0 and h=0, and to
m(h—0, 1<0)—>0 as 1 - 2. However, if the limit ¢4 —2 is taken for
Eq. (25) before 4 — 0, then the limit 4 — 0 gives R=0 for both 1>0 and
7 <0, but yields R - +[J/(g— 1)]"* as h — 0 with t=0. This in turn gives
the correct limit in one dimension m(h— 0", 1=0)=1.

7. DISCUSSION

The model proposed by Wheeler and Pfeuty®*® for equilibrium
polymerization in solution is solved exactly on the Bethe lattice with coor-
dination number ¢. Although the solution is direct, we also show that the
solution of an equivalent dilute n— 0 vector model on the Bethe lattice
leads to the same results. The Bethe-lattice solution becomes identical to
the mean-field results in the limit of infinite coordination number (g — o)
and to the solution of the one-dimensional model when ¢=2. Phase
diagrams for finite ¢>2 show differences, indicating increased
cooperativity when compared with the ones obtained by the mean-field
approach, although the exponents remain classical.

Although the Bethe-lattice solution displays classical critical
exponents, it should be stressed that first-neighbor correlations are treated
exactly in the Bethe—Peierls approximation. This is of some significance for
the equilibrium polymerization problem since the magnetic first-neighbor
spin—spin correlations are directly related to the density of monomers
incorporated into polymers ¢, [see expression (6.20)].

The method presented by Gujrati®?’ for ¢=3 can, in principle, be
generalized for any ¢, but for each new value of ¢ a separate underlying
Ising model has to be considered, so that the procedure is unnecessarily
tedious for general ¢. The method presented here has the advantage that it
proceeds naturally and straightforwardly for any ¢, with ¢ as a parameter
in the theory, thus facilitating direct comparisons in the one-dimensional
{¢ =2) and mean-field (g — c0) limits.
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APPENDIX A. ONE-DIMENSIONAL LIMIT

The recursion relations (3.5) and densities (3.9) of the solution of the
model on the Bethe lattice become, for g =2,
B (2K)'PK [ Sy +wg]l+0zK, Ry,
YT (1 KISy + 0]+ 0(2K,) Ry,
Spui1= St ] 72
wz{(1+K)[Sy+wz]+wr(2K)"" Ry}

and
Xy =1—[Spy+17

X([Sy+117+o;{(1+K)[Sy+wr]’
+ 202K) 2 0g Ry[Sy+ o] + oy R~

Xpp =03 {K [ Sy +or]*+Q2K)"? 0gRy[Sy+wrl}
x ([Sy+ 11+ wz{(1 +K)[Sy+wi]’ (A.2)
+ 22K )P wgRy[Sy+ ozl +oiR3, )"

X =07{2K)"? 0z Ry[Sy +wz]+owkR3,}
x([Sy+ 11+ ws:{(1 +K)[Sy+wg]?
+ 22K ) ? wgRy[Sy+wz] +wiR2, )™

In the pure solute limit wjz— oo, the one-dimensional equilibrium

polymerization results'® are recovered. In the particular case K, =0 the
recursion relations reduce to

R =R, S = A3
M+ 1 SM+(1)R M M+ 1 UJJSM‘}'CU]"(‘ ( )

We notice that the step-function behavior already present in the pure
monomer case''® happens also when solvent is present. The recursion
relation for R will have two fixed points, R =0 (unpolymerized) and R=
{polymerized). The unpolymerized fixed point will be attained whenever

wrK,/(S+wg) <1 (A4)

and a first-order transition to a phase with ¢,=1 occurs when the coef-
ficient equals unity. Since, at the fixed point

(l—ijk)i[(1*602(’0/?)2—*_4&)3]1/220 (A.5)

S= 26()5

822/46/1-2-3
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the phase transition happens for K, >1, the equality being valid for the
pure solute limit.

APPENDIX B. DERIVATION OF THE MEAN-FIELD FREE
ENERGY

We show in this Appendix how the free energy can be obtained from
the man-field fixed-point conditions (3.22). For A=0, these conditions are

gJmw 5 exp(gKx,)

= _ B.1
" =TT+ Medm) To; expl(gk,) (3D
(1—x,) "' =1+ wzexp(gkx,)[1+(gIm)’]
The solutions may be found in two branches
b
=0: 1= : B.
" ©30 (T =%, explgx,) (52
1
m#Q: Wz = = (B.3)
(I—x,) g/ exp(gKx,)
Now, since we have for the free energy g(z, x,) the relation
A =(0g/ox,); (B.4)

it is possible to obtain the free energies of the two branches by integrating
over the fields,

g0=j20 dx,= —SgKx? +x,In x,+ (1 —x,+ (1 = x,) In(1 = x,) + C,
(B.5)
g=[ 3, dx,= —4gKx—x,(n gl — )+ (1 —x,) In(1 —x,) + €,

where C, and C, are arbitrary functions of ¥ only. The Legendre trans-
forms of these free energies

fO‘l(f’ Z) = gO,I(fv x,s') _AO,lxs
arc
fo=3gKx2+1n(1—x)+ C,

(B.6)
fi=1gKx + x,+In(1 —x,) — C,
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Now the polymerized (m#0) and unpolymerized regions merge con-
tinuously at the critical line, which is given by

wi=wz —>qtx,=1 (B.7)

&

and, arbitrarily fixing C, =0, by imposing continuity of the free energy at
the critical line, we obtain

fo=13qKx?+1n(1 + x,)

- (B.8)
Ji1=13¢Kx?*+ (x,—1/gJ) +In(1 — x,)
Now, from (B.1) we notice that, for m #0,
1gdm?* =x,—1/q] (B.9)
allowing us to rewrite f, as follows:
f1=3gKx2 4+ 1gJm* + In(1 — x,) (B.10)

which correspond to the mean-field result (5.17) in the paper by Wheeler
and Pfeuty.®
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